Abstract. In this note we show that if a compact Kähler manifold with trivial canonical bundle is the total space of a holomorphic fibration without singular fibers, then the fibration is a holomorphic fiber bundle. In the algebraic case, the fibration becomes trivial after a finite base change.
Introduction
Let X be a compact Kähler manifold with c 1 (X) = 0 in H 2 (X, R), which we will call a Calabi-Yau manifold. Thanks to a fundamental theorem of Yau [42] , the class of Calabi-Yau manifolds is precisely the class of compact Kähler manifolds which admit Ricci-flat Kähler metrics. Furthermore, X Calabi-Yau implies that the canonical bundle K X is holomorphically torsion [4] . Assume that there is a holomorphic submersion with connected fibers f : X → Y to a compact Kähler manifold Y . Let n = dim X, m = dim Y and assume that 0 < m < n. Then every fiber X y = f −1 (y) is a Calabi-Yau manifold of dimension n − m. In other words, X is Calabi-Yau and is also the total space of a family of Calabi-Yau manifolds over Y .
In the case when f is allowed to have singular fibers, this is the setup of the first author's paper [39] , where it is proved that certain families of Ricci-flat Kähler metrics on X collapse to Y in a weak sense. More recently, Gross and the authors [28] proved that if the smooth fibers are tori then the collapsing happens in the C ∞ topology, and in [29] we identified the Gromov-Hausdorff limit when Y is a curve.
The question which we study in this paper, which arose from these works, is whether one can classify such fibrations when no singular fibers are allowed. For such manifolds the smooth collapsing was proved by Fine [16] . Here we show that these fibrations are very special. Our first result is: Theorem 1.1. If f : X → Y is a holomorphic submersion with connected fibers between projective manifolds with K X ∼ = O X , then there is a finite unramified coveringỸ → Y with KỸ ∼ = OỸ such that the pullback family X × YỸ →Ỹ is trivial, i.e. it is biholomorphic to the product familyỸ ×F → Y , where F is a projective manifold with trivial canonical bundle.
In particular, this implies that the canonical bundle of Y is holomorphically torsion, which is not a priori clear. As a simple consequence we have: Theorem 1.2. If f : X → Y is a holomorphic submersion with connected fibers between projective manifolds with X Calabi-Yau, then there are projective manifolds B, F with trivial canonical bundles, and finite unramified coverings g : B × F → X and h : B → Y such that the diagram
If we drop the projectivity assumption, then the statement of Theorem 1.1 is false (see Remark 4.2 below), and has to be modified as follows: Theorem 1.3. If f : X → Y is a holomorphic submersion with connected fibers between compact Kähler manifolds with K X ∼ = O X , then f is a holomorphic fiber bundle with fiber F a compact Kähler manifold with K F ∼ = O F and with base Y Calabi-Yau. If furthermore either b 1 (F ) = 0 or F is a torus and b 1 (Y ) = 0, then there is a finite unramified coveringỸ → Y with KỸ ∼ = OỸ such that the pullback bundle X × YỸ →Ỹ is holomorphically trivial.
In the literature there are several related results. For example Fang-Lu [15, Corollary 1.3] have shown that if the fibers of f are primitive CalabiYau manifolds which satisfy a certain cohomological assumption, then the family is isotrivial (in the sense that all fibers over a Zariski open set of Y are biholomorphic to each other). This result holds without the assumption that X is Calabi-Yau. More recently, Zhang-Zuo [43, Corollary 2.5] that if Y is simply connected and X has trivial canonical bundle and h p (X, O X ) = 0 for 0 < p < n, then the family is isotrivial. In the setup of Theorem 1.1, if one knows in addition that κ(Y ) 0, then an alternative proof of the theorem can be given using the canonical bundle formula [22] and arguing along the lines of [1, Theorem 4.8] (see also Remark 3.4 below). If one knows furthermore that Y is Calabi-Yau, then the conclusion that f is a bundle also follows from [4, Theorem 2] (see also [11, Theorem 3.1] ).
On the other hand we make no assumptions on Y , and we first show that Y has a Kähler metric with nonnegative Ricci curvature. Using Hodge theory, we get a holomorphic period map from the universal cover of Y to a classifying space D of polarized real Hodge structures. This space has a Hermitian metric with strictly negative holomorphic sectional curvature in the horizontal directions. Using a version of Yau's Schwarz Lemma [41] we show that the period map is constant, and the infinitesimal Torelli theorem for Calabi-Yau manifolds implies that all fibers are biholomorphic, and then the main theorem follows.
This note is organized as follows: in section 2 we deduce Theorem 1.2 from Theorem 1.1, and show that to prove Theorem 1.1 it is enough to prove that all fibers are biholomorphic. This statement is then proved in section 3. Theorem 1.3 is proved in section 4.
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Preliminary results
Proof of Theorem 1.2 assuming Theorem 1.1. Since K X is holomorphically torsion, there is a finite unramified covering X ′ → X with K X ′ holomorphically trivial. The composition f ′ : X ′ → X → Y is a holomorphic submersion, but its fibers might be disconnected. Consider its Stein factorization Note that from Theorem 1.1 it follows that the fibers X y of the original family must all be biholomorphic to each other. In fact, it is enough to prove this assertion to prove Theorem 1.1: Lemma 2.1. If the fibers X y of a family f : X → Y as in Theorem 1.1 are all biholomorphic to each other, then the conclusion of Theorem 1.1 holds.
Proof. Indeed, in this case we can apply the Fischer-Grauert theorem [17] and conclude that f is a holomorphic fiber bundle, and then we can apply [32, Lemma 17] to get a finite unramified coveringỸ → Y such that the pullback family X × YỸ →Ỹ is trivial. Now X × YỸ → X is also a finite unramified covering, hence the canonical bundle of X × YỸ is holomorphically trivial. But X × YỸ ∼ =Ỹ × F , and so the canonical bundles ofỸ and F are both trivial.
In this proof we used [32, Lemma 17] which uses crucially the assumption that X is projective. In fact, [32, Lemma 17] is false if X is only compact Kähler, see Remark 4.2. However, as we will see in section 4, [32, Lemma 17] is true in the Kähler case if either b 1 (F ) = 0 or F is a torus and b 1 (Y ) = 0.
Thus, to prove Theorem 1.1, we are reduced to showing that all the fibers are biholomorphic. In the case when dim Y = dim X − 1 the proof is very simple: in this case the fibers X y are elliptic curves, which are classified by their j-invariant, and mapping y to the j-invariant of X y gives a holomorphic function on Y which must be constant since Y is compact. We follow a similar approach in higher dimensions, which is necessarily more complicated.
Proof of theorem 1.1
The main result of this section is the following:
Kähler manifolds with K X ∼ = O X , then f is a holomorphic fiber bundle with fiber F a compact Kähler manifold with K F ∼ = O F and with base Y Calabi-Yau.
In particular, since all fibers of a holomorphic fiber bundles are biholomorphic, Theorem 1.1 follows immediately from Theorem 3.1 and Lemma 2.1.
Proof. Let ω X be a Kähler metric on X, and note that since the canonical bundle K X is trivial, the fibers X y = f −1 (y) also have trivial canonical bundle. Thanks to [39, Proposition 4.1] (see also [36] ) there is a Kähler metric ω on Y such that Ric(ω) = ω W P 0, where ω W P is a Weil-Petersson type semipositive definite form [20] . In fact more generally it is true that for Y to admit a Kähler metric with nonnegative Ricci curvature, it is enough to assume that X admits such a metric, thanks to a result of Berndtsson ([3, Theorem 1.2] applied with L = −K X ).
We now need to use real polarized Hodge structures. These are defined without any projectivity assumption, by a straightforward generalization of Griffiths' original definition in the projective case [24] . Here we follow the discussion in [23, Section 8.1] (see also [13, Definition 1.5]). Let P ⊂ H n−m (X y , C) =: H be the primitive cohomology induced by the Kähler
for p + q = n − m, and call Q the quadratic form on H given by
which is called a polarization (even though no integrality assumption is made). Then the construction by Griffiths [25, Section 8] gives a classifying space D for real polarized Hodge structure of type {H R , h p,q , Q}, and a well-defined holomorphic period map P :Ỹ → D, whereỸ is the universal cover of Y . If π :Ỹ → Y is the universal covering map, and y = π(z), then we have [26] .
There is a Hermitian metric ω H on D such that for any unit vector ξ ∈ T h (D), its holomorphic sectional curvature satisfies 
is a composition of the Kodaira-Spencer map ρ : T zỸ → H 1 (X y , Θ Xy ), (y = π(z)), and the cup product map w :
, where Θ Xy is the sheaf of holomorphic vector fields on X y . Since X y has trivial canonical bundle, w is injective (cf. Example 5.6.2 in [10] or [24, Proposition 3.6], [37] , [7] ). This result is also known as the infinitesimal Torelli theorem for Calabi-Yau manifolds. Thus the Kodaira-Spencer map ρ of the pullback family overỸ is trivial. This implies that the KodairaSpencer map of the family over Y is trivial too. Now the fibers X y have trivial canonical bundle, and hence H 1 (X y , Θ Xy ) ∼ = H 1,n−1 (X y ) has dimension independent of y ∈ Y . Therefore thanks to [31, Theorem 4.6] the complex structure of X y does not change when y varies, i.e. all fibers X y are biholomorphic to each other. The Fischer-Grauert theorem [17] implies that f is a holomorphic fiber bundle with fiber F ∼ = X y with trivial canonical bundle. Since all fibers X y are biholomorphic to each other, the Weil-Petersson form ω W P of the fibration f vanishes identically. Its cohomology class is
Remark 3.2. The proof we just finished in fact shows the following result: if f : X → Y is a holomorphic submersion between compact Kähler manifolds with fibers X y with trivial canonical bundle and base Y which admits a Kähler metric with nonnegative Ricci curvature then f is a holomorphic fiber bundle.
In the proof of Theorem 3.1, we used the following improved version of Yau's Schwarz Lemma [41] , which incorporates an observation of Royden [35] (see also [12, 38] ). Proof. Let u = tr g X (f * g Y ), which is a smooth nonnegative function on X, and vanishes identically if and only if f is constant. Assume that f is not constant, so sup X u > 0 (it could also equal +∞). Fix a point x ∈ X, let y = f (x), and choose a local unitary coframe {θ 1 , . . . , θ n } for g X near x and a local unitary coframe {θ 1 , . . . ,θ m } for g Y near y. For any 0 α m write
so {f α i } are the components of f * in the chosen coframes. Therefore we have u(x) = α,i |f α i | 2 . Then a direct calculation (see e.g. [38, (5.9) ]) shows that at x we have
using the assumption that Ric(g X ) 0, where ξ i = f * (e i ) and {e 1 , . . . , e n } is the unitary frame for g dual to the coframe {θ i }. By changing the unitary frames at x and y if necessary, we may assume that the vectors {ξ i } are pairwise orthogonal. Assume that f is not constant at x, so that the rank of (f * ) x is strictly positive. Then the assumption (3.3) together with an inequality of Royden [35, Lemma, p.552] gives that
Hence at x we have
We now conclude the proof exactly as in [41, 38] . The generalized maximum principle of Yau (see e.g. [38, Proposition 4.1]) shows that if v is a smooth function on X which is bounded below, then given any ε > 0 there is a point
We apply this to v = (u + 1) −1/2 , so that lim sup ε→0 u(x ε ) = sup X u > 0, and we get
which holds for all ε > 0 such that u(x ε ) > 0, so that (3.4) holds at x ε . Taking ε arbitrarily close to 0, we conclude that sup X u = 0, which is a contradiction. If Y is uniruled, take P 1 ⊂ Y a free rational curve (i.e. with globally generated normal bundle). The pullback family X ′ = (X× Y P 1 ) → P 1 is such that X ′ is smooth, with nonnegative Kodaira dimension (by adjunction), and X ′ → P 1 is a submersion. This contradicts [40, Theorem 0.2].
The Kähler case
In this section we will prove the following result, which is a substitute for Lemma 2.1 with no projectivity assumption: Taking a finite unramified covering of Y we can then assume that the structure group reduces to Aut 0 (F ). If we are in the case when b 1 (F ) = 0, then we have that Aut 0 (F ) = {1} and so the structure group of the bundle is trivial, and the bundle is holomorphically trivial.
We now treat the case when F is a torus and b 1 (Y ) = 0. Since Y is Calabi-Yau, the Bogomolov-Calabi decomposition theorem [2, 4, 8] shows that π 1 (Y ) is finite, so up to a finite unramified covering of Y we can assume that Y is simply connected. Since F is a torus, we have that Aut 0 (F ) ∼ = F and so f : X → Y is a principal torus bundle. If we call F the sheaf over Y of germs of local holomorphic maps from Y to F , then principal bundles over Y with fiber F are classified by H 1 (Y, F) , and we will write ζ ∈ H 1 (Y, F) for the class of our bundle. If we write F = C n /Λ with Λ ∼ = Z 2n , then the short exact sequence
gives a long exact sequence
where we call c(ζ) the Chern class of the bundle. Y is simply connected implies H 1 (Y, O) n = 0. On the other hand, the fact that X is Kähler implies that c(ζ) is a torsion class, thanks to a theorem of Blanchard [6] (see also [30, Theorem 1.7] ). But H 2 (Y, Λ) is torsion-free since H 1 (Y, Z) = 0, and hence c(ζ) = 0, and the principal bundle is holomorphically trivial.
Remark 4.3. If we assume that f : X → Y is a holomorphic fiber bundle with base Y and fiber F Calabi-Yau manifolds, with b 1 (Y ) = 0, but F not necessarily a torus, then we can conclude that f is equal to the composition of a holomorphic fiber bundle with Calabi-Yau fiber over Y × T where T is a torus, composed with the trivial bundle Y × T → Y . Indeed, Campana [9] and Fujiki [19] constructed a relative Albanese map for f : X → Y which is a commutative diagram of compact complex manifolds and holomorphic maps
t t t t t t t t t Y
where A : Alb(X/Y ) → Y is a smooth submersion with fiber A −1 (y) ∼ = Alb(X y ) the Albanese torus of X y = f −1 (y) ∼ = F , and with g| Xy : X y → A −1 (y) isomorphic to the Albanese map A y : X y → Alb(X y ) (for all y ∈ Y ). Now all fibers X y are biholomorphic to F , and so their Albanese tori are all biholomorphic to Alb(F ), and therefore A is a holomorphic fiber bundle by the Fischer-Grauert theorem [17] . Since the fiber X y ∼ = F is Calabi-Yau, its Albanese map A y is a holomorphic fiber bundle with connected fiber F 1 which is Calabi-Yau, thanks to [8] .
We claim now that g is a submersion. Indeed, pick any point z ∈ Alb(X/Y ), let y = A(z), and let V be any tangent vector to Alb(X/Y ) at z. Then A * V = 0 if and only if V is tangent to Alb(X y ) (the fiber of A). Since f is a submersion, we can find a vector W tangent to X at some point x in the fiber X y such that f * W = A * V . Hence A * (g * W −V ) = 0, i.e. g * W −V is tangent to Alb(X y ). Since g| Xy is isomorphic to A y : X y → Alb(X y ) which is a bundle, there is a vector Z tangent to X at x ∈ X y with g * Z = g * W − V, and so g * (W − Z) = V and g is a submersion. In particular, since X is Kähler, we see that Alb(X/Y ) is Kähler too.
Since all fibers of g are biholomorphic to F 1 , the Fischer-Grauert theorem implies that g is a holomorphic fiber bundle. Now A : Alb(X/Y ) → Y is a holomorphic fiber bundle with total space Kähler, Y simply connected, and fiber a torus, hence this bundle must be trivial thanks to Theorem 4.1. We thus obtain a new diagram
where T is a torus and g ′ is still a holomorphic fiber bundle with fiber F 1 Calabi-Yau.
